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Mrvhskvrq mxqfwlrq duud|v zlwk xqghugdpshg orz0
fdsdflwdqfh mxqfwlrqv duh prgho v|vwhpv zlwk qrq0
frppxwlqj skdvh dqg qxpehu yduldeohv1 Wkh Mrvhskvrq
h�hfw dqg vlqjoh0fkdujh h�hfwv kdyh d frpshwlqj lq�xhqfh
rq wkh duud|*v jurxqg vwdwh1 Zh suhvhqw dq h{shulphqw
rq d vpdoo wzr0glphqvlrqdo duud| wkdw kdv d vhoi0gxdo jh0
rphwu|= Lw fdq eh ghvfulehg dv wzr frxsohg lvodqgv zlwk d
kljk fkdujlqj hqhuj|/ exw dovr dv wzr frxsohg orrsv wkdw
fdq hdfk frqwdlq d yruwh{ +Ilj1 4d,1 Zh vxffhhghg lq
kdylqj h{shulphqwdo frqwuro ryhu doo pdjqhwlf dqg fkdujh
iuxvwudwlrqv +Ilj1 5,1 Wklv doorzhg iru d vwxg| ri wkh du0
ud|*v txdqwxp phfkdqlfdo jurxqg vwdwh/ dqg rxu uhvxowv
ghprqvwudwh wkdw fkdujh dqg yruwh{ vxshusrvlwlrqv rffxu
lq wkh duud| lq d gxdo idvklrq1
Zh phdvxuhg wkh duud|*v fulwlfdo vxshufxuuhqw dv d

ixqfwlrq ri fkdujh dqg pdjqhwlf iuxvwudwlrq/ v|pphwul0
fdoo| dssolhg wr erwk lvodqgv ru orrsv1 Wkh fkdujh iuxvwud0
wlrq qj ri wkh wzr lvodqgv zdv frqwuroohg zlwk fdsdflwlyho|
frxsohg jdwh hohfwurghv1 Wkh duud|*v pdjqhwlf iuxvwudwlrq
i @ �@�3 zdv vhw e| dsso|lqj d pdjqhwlf �x{ � wr wkh
orrsv +�3 lv wkh �x{ txdqwxp,1 Wkh fulwlfdo fxuuhqw dv
d ixqfwlrq ri qj vkrzhg d shulrglf prgxodwlrq zlwk wzr
pd{lpxpv shu shulrg +Ilj1 6d,1 Wkh shulrg fruuhvsrqgv
wr lqgxflqj d fkdujh 5h rq wkh lvodqgv1 Dv d ixqfwlrq
ri i zh revhuyhg d shulrglf prgxodwlrq zlwk wzr plql0
pxpv shu shulrg +Ilj1 6e,/ dqg wkh shulrg fruuhvsrqgv
wr dsso|lqj d �x{ txdqwxp wr hdfk orrs1 Lq wkh qj zlq0
grz ehwzhhq wkh pd{lpxpv lq Ilj1 6d/ wkh duud| kdv
wzr gl�huhqw exw ghjhqhudwh fkdujh frq�jxudwlrqv wkdw
duh vwdeoh +rqh h{fhvv Frrshu sdlu rq wkh wrs lvodqg/ ru
rqh rq wkh erwwrp lvodqg lq Ilj1 4d,1 Vlploduo|/ lq wkh i
zlqgrz ehwzhhq wkh plqlpxpv lq Ilj1 6e wkh duud| kdv
wzr gl�huhqw vwdeoh skdvh frq�jxudwlrqv +d yruwh{ lq wkh
ohiw ru wkh uljkw orrs,/ wkdw duh dovr ghjhqhudwh1 Zh zloo
vkrz wkdw d vwxg| ri wkh srvlwlrqv ri wkh pd{lpxpv dqg
plqlpxpv lq wkh fulwlfdo fxuuhqw +Ilj1 7, |lhogv lqirupd0
wlrq derxw wkh duud|*v jurxqg vwdwh/ dqg wkdw wklv fdq
eh xvhg wr ghprqvwudwh vxshusrvlwlrqv ri wkh ghjhqhudwh
fkdujh dqg yruwh{ vwdwhv1
Xqwlo qrz vxshusrvlwlrq vwdwhv kdyh rqo| ehhq ghprq0

vwudwhg lq wkh prvw uxglphqwdo Mrvhskvrq mxqfwlrq v|v0
whpv1 Vxshusrvlwlrqv ri vlqjoh0fkdujh vwdwhv kdyh ehhq
revhuyhg lq v|vwhpv zlwk d vlqjoh lvodqg ^4~6`/ exw vxfk

v|vwhpv gr qrw kdyh pxowlsoh vwdeoh yruwh{ frq�jxud0
wlrqv1 Lq vlqjoh orrsv zlwk Mrvhskvrq mxqfwlrqv/ vxshu0
srvlwlrqv ri shuvlvwhqw0fxuuhqw vwdwhv kdyh ehhq ghprq0
vwudwhg ^7`/ exw wkhvh v|vwhpv duh lqvhqvlwlyh wr wkh edfn0
jurxqg fkdujhv dqg wkh wzr fxuuhqw vwdwhv gr qrw fruuh0
vsrqg wr yruwlfhv dw gl�huhqw jhrphwulf srvlwlrqv lq dq
duud|1 Rxu duud| kdv erwk fkdujh dqg yruwh{ fkdudfwhu0
lvwlfv/ dqg rxu h{shulphqw olqnv vxshufrqgxfwlqj vlqjoh0
fkdujh h�hfwv zlwk yruwh{ sk|vlfv lq odujhu duud|v1 Lq
wkhvh odujhu v|vwhpv/ d vpdoo pdjqhwlf �hog lqgxfhv yru0
wlfhv wkdw ehkdyh dv sduwlfohv1 Wkh duud|*v wrwdo Mrvhsk0
vrq hqhuj| lv plqlpl}hg iru d fhuwdlq glvwulexwlrq ri yru0
wlfhv/ zkhuh hdfk yruwh{ kdv d zhoo0gh�qhg srvlwlrq1 Wkh
fkdujlqj hqhuj|/ rq wkh rwkhu kdqg/ idyruv d vwdwh zlwk
d zhoo0gh�qhg qxpehu ri Frrshu sdluv rq hdfk lvodqg/ lq
zklfk wkh fkdujhv duh orfdol}hg dqg wkh mxqfwlrq skdvhv
kdyh odujh txdqwxp �xfwxdwlrqv1 Edfnjurxqg fkdujhv
srodul}h hdfk lvodqg/ dqg wklv ghwhuplqhv zklfk Frrshu0
sdlu glvwulexwlrq kdv wkh orzhvw hqhuj|1 Wkh gxdolw| eh0
wzhhq wkhvh wzr slfwxuhv kdv gudzq pxfk dwwhqwlrq +iru
d uhfhqw uhylhz vhh ^8`,1 Lw kdv ehhq vxssruwhg e| wkh re0
vhuydwlrq ri vxshufrqgxfwru0wr0lqvxodwru wudqvlwlrqv/ dqg
vhyhudo orfdol}dwlrq dqg txdqwxp0lqwhuihuhqfh h�hfwv lq
wzr0glphqvlrqdo dqg txdvl0rqh0glphqvlrqdo duud|v ^8`1
Krzhyhu/ wkhvh vwxglhv kdyh ehhq olplwhg e| wkh idfw wkdw
wkh fkdujlqj h�hfwv frxog qrw eh ixoo| frqwuroohg= Wkh
edfnjurxqg fkdujhv duh lq sudfwlfh vwurqjo| glvrughuhg/
dqg fkdujh frq�jxudwlrqv zlwk xqsdluhg txdvlsduwlfohv
xvxdoo| sod| d uroh1
Zh suhvhqw uhvxowv iurp wkuhh duud|v/ ghqrwhg e| 4~6

+wkh vdph duud|v dqg qxpehulqj dv lq Uhi1 ^9`/ zkhuh h{0
shulphqwdo ghwdlov kdyh ehhq uhsruwhg,1 Wkh lvodqgv duh
frxsohg wr hdfk rwkhu dqg wr pdfurvfrslf ohdgv e| lghq0
wlfdo mxqfwlrqv wkdw kdyh Mrvhskvrq frxsolqj HM @ |

5h
Lfr

dqg fkdujlqj hqhuj| HF @ h5@5F +zkhuh Lfr wkh fulw0
lfdo fxuuhqw dqg F wkh fdsdflwdqfh ri wkh mxqfwlrqv,1
Zh hvwlpdwhg HM dqg HF iurp wkh fxuuhqw0yrowdjh fkdu0
dfwhulvwlf dqg hohfwurq0plfurvfrsh lqvshfwlrq ^9`1 Pl0
furzdyh vshfwurvfrs| |lhoghg d ehwwhu hvwlpdwh iru F
iru duud|v 5 dqg 6 ^:`1 Duud| 4 kdg HM @ :4�hY dqg
HM@HF @ 3=7;	 3=41 Duud| 5 dqg duud| 6 +ideulfdwhg rq
wkh vdph fkls dqg qrplqdoo| lghqwlfdo, kdg HM @ 64�hY
dqg HM@HF @ 3=5:	3=361 Phdvxuhphqwv rq duud| 6 zhuh
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Wkh duud|v kdg Do0Do5R60Do wxqqho mxqfwlrqv dqg
zhuh ideulfdwhg zlwk h0ehdp olwkrjudsk| dqg vkdgrz0
hydsrudwlrq whfkqltxhv1 Wkh mxqfwlrqv kdg dq duhd ri
derxw 3=348�p5 dqg F � 3=: iI1 Wkh orrsv kdg dq duhd
ri 4�p51 Phdvxuhphqwv zhuh fduulhg rxw lq d gloxwlrq
uhiuljhudwru zlwk u�0ihhgwkurxjk �owhuv dw urrp whpshu0
dwxuh dqg frsshu0srzghu �owhuv dw wkh whpshudwxuh ri
wkh vdpsoh +43~:3 pN,1 Wkh duud|v zhuh fxuuhqw0eldvhg
+Leldv, lq d orz0lpshgdqfh hqylurqphqw zlwk d vpdoo exw
qrq0ydqlvklqj gdpslqj1 Wkh fxuuhqw0yrowdjh fkdudfwhu0
lvwlf kdg d fohdu vxshufxuuhqw eudqfk +Ilj1 5d, / dqg wkh
eldv fxuuhqw LVZ zkhuh lw vzlwfkhv iurp wkh vxshufxuuhqw
eudqfk zdv xvhg dv d phdvxuh iru wkh wkhruhwlfdo ydoxh ri
wkh duud|*v fulwlfdo vxshufxuuhqw LF ^4`1
Phdvxuhphqwv ri LVZ dv d ixqfwlrq ri wkh yrowdjhv rq

wkh wzr jdwh hohfwurghv vkrzhg d prgxodwlrq wkdw zdv
5h shulrglf lq wkh lqgxfhg fkdujhv +Ilj1 5e,1 Wklv vkrzv

wkdw xqzdqwhg sdulw| h�hfwv iurp xqsdluhg txdvlsduwl0
fohv zhuh doprvw frpsohwho| vxssuhvvhg ^9`1 Suhylrxv
vwxglhv ri vpdoo wzr0glphqvlrqdo duud|v zhuh klqghuhg e|
wkhvh sdulw| h�hfwv ^;`1 Wkh revhuyhg krqh|frpe sdwwhuq
lq Ilj1 5e zdv xvhg wr wxqh wkh jdwhv wr ydoxhv zkhuh
wkh| frpshqvdwh wkh lq�xhqfh ri edfnjurxqg fkdujhv lq
wkh wxqqho eduulhuv ru wkh vxevwudwh zlwk dq dffxudf| ri
derxw 4( ^9`1 Wkh fkdujh iuxvwudwlrq qj lv wkxv gh�qhg
dv qj @ Fj+Yj � Yrii ,@5h/ zkhuh Fj � F wkh jdwh fd0
sdflwdqfh/ Yj wkh yrowdjh rq wkh jdwh hohfwurgh/ dqg Yrii
wkh jdwh yrowdjh wkdw frpshqvdwhv wkh lq�xhqfh ri edfn0
jurxqg fkdujhv1 Zh zloo frqfhqwudwh khuh rq v|pphwul0
fdoo| srodul}hg lvodqgv/ qj4 @ qj5/ ghqrwhg e| qj1 Wkh
fulwlfdo fxuuhqw lv shulrglf zlwk shulrg 4 lq i dqg qj/ dqg
zh zloo wkhuhiruh uhvwulfw rxuvhoyhv wr iuxvwudwlrq ydoxhv
ehwzhhq 3 dqg 41
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Wkh duud|*v Kdplowrqldq lv wkh vxp ri wkh Mrvhsk0
vrq dqg hohfwurvwdwlf hqhujlhv dqg kdv ehhq zrunhg rxw
e| Odidujh hw do1 ^<`1 Wkh wzr orrsv kdyh d yhu| vpdoo
vhoi lqgxfwdqfh/ vxfk wkdw wkh �x{rlg0txdqwl}dwlrq frq0
glwlrqv iru hdfk orrs dfw dv frqvwudlqwv rq wkh mxqfwlrqv*
jdxjh0lqyduldqw skdvh frruglqdwhv �l1 Wkh v|vwhp kdv
wkuhh ghjuhhv ri iuhhgrp dqg zh xvh jhqhudol}hg frru0
glqdwhv wkdw duh vxp dqg gl�huhqfh frruglqdwhv ri wkh
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mxqfwlrq skdvhv= *4 @
4

5
+�4 � �5,/ *5 @

4

5
+�6 � �7, dqg

� @ 4

5
+�4.�5.�6.�7,/ zlwk wkh mxqfwlrqv qxpehuhg dv lq

Ilj1 4d +wkh gluhfwlrq ri srvlwlyh fxuuhqw lv lq hdfk eudqfk
iurp ohiw wr uljkw ru iurp wrs wr erwwrp,1 Wkhvh yduldeohv
kdyh frqmxjdwh fkdujh frruglqdwhv zlwk frppxwdwlrq uh0
odwlrqv ^*4> q4` @ l/ ^*5> q5` @ l dqg ^�> n` @ l1 Khuh q4
dqg q5 duh wkh qxpehu ri h{fhvv Frrshu sdluv rq wkh wrs
dqg erwwrp lvodqg uhvshfwlyho|/ dqg n lv wkh qxpehu ri
Frrshu sdluv wkdw kdv ehhq wudqvihuuhg wkurxjk wkh duud|1
Wkh skdvh � fdq wkxv eh frqvlghuhg dv wkh skdvh gl�hu0
hqfh dfurvv wkh duud|/ dqg *4 dqg *5 fdq eh frqvlghuhg
wkh skdvhv ri wkh wzr lvodqgv1 Wkh duud|*v orz0lpshgdqfh
hqylurqphqw zlwk vpdoo gdpslqj fdxvhv � wr ehkdyh olnh
d fodvvlfdo skdvh frruglqdwh1 Wkh lvodqg frruglqdwhv kdyh
xqghugdpshg g|qdplfv/ dqg gxh wr wkh orz lvodqg fdsdf0
lwdqfh erwk wkh fkdujhv +q4/ q5, dqg wkh skdvhv +*4/ *5,
duh txdqwxp yduldeohv1 Wkh eldv fxuuhqw lv uhodwhg wr �
e| Leldv @ 5h

|

CHj

C�
/ zkhuh Hj lv wkh duud|*v jurxqg0vwdwh

hqhuj|1 LF lv wkh pd{lpxp ri Leldv zlwk uhvshfw wr �/ dqg
d phdvxuhphqw ri LF wkxv surylghv lqirupdwlrq derxw wkh
jurxqg vwdwh1
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Phdvxuhphqwv ri LVZ dv d ixqfwlrq ri qj +Ilj1 6d,
vkrz d plqlpxp dw qj @ 31 Dw wklv srlqw wkh duud|*v

hohfwurvwdwlf iuhh hqhuj| Hho lv orzhvw iru wkh fkdujh vwdwh
mq4> q5l @ m3> 3l +li wkh duud| lv lq wkh }hur0yrowdjh vwdwh
lw lv lqghshqghqw ri n,1 Wklv vwdwh lv frxsohg wr frq0
vhfxwlyh fkdujh vwdwhv/ zklfk doorzv iru d vxshufxuuhqw
wr �rz1 Krzhyhu/ rwkhu fkdujh vwdwhv kdyh d kljkhu Hho

+Ilj1 4e,/ dqg fkdujh �xfwxdwlrqv duh vxssuhvvhg1 Khuh
wkh Frxorpe eorfndgh ri wkh vxshufxuuhqw ^43/4/5` lv prvw
h�hfwlyh dqg fdxvhv wkh plqlpxp lq LVZ 1 Zkhq lqfuhdv0
lqj qj iurp 3 wr 4/ wkh fkdujh vwdwh zlwk orzhvw Hho lv
�uvw m3> 3l/ wkhq m3> 4l dqg m4> 3l +ghjhqhudwh,/ dqg qhdu
qj @ 4 lw lv m4> 4l +vrolg olqhv lq Ilj1 4e,1 Iru Fj � F
wkh wudqvlwlrqv duh dw qj @ 6

;
dqg qj @ 8

;
1 Qhdu wkhvh

srlqwv wkh Frxorpe eorfndgh h�hfwv duh plqlpdo dqg
wkhuh duh pd{lpxpv lq LVZ 1 Pruh lqwhuhvwlqjo|/ qhdu
wkh pd{lpxpv wkh duud| vzlwfkhv iurp kdylqj d vlqjoh
vwdwh mq4> q5l zlwk wkh orzhvw Hho/ wr d vlwxdwlrq zkhuh
wzr ghjhqhudwh fkdujh vwdwhv kdyh wkh orzhvw Hho1 Wkh
jurxqg vwdwh vkrxog eh yhu| vhqvlwlyh wr vxfk d wudqvlwlrq
vlqfh lw lv d vxshusrvlwlrq ri vwdwhv mq4> q5l zlwk wkh kljk0
hvw dpsolwxghv iru wkh mq4> q5l zlwk orzhvw Hho ^43/4/5`1
Zh revhuyhg wkdw wkh srvlwlrqv ri wkh pd{lpxpv lq

LVZ yhuvxv qj ghshqg rq i 1 Wkh srvlwlrqv ri wkh pd{l0
pxpv duh wkh uhvxow ri d frpshwlwlrq ehwzhhq wzr h�hfwv1
Iru qj ydoxhv durxqg qj @

4

5
/ wkh jurxqg vwdwh lv forvh wr

wkh irup +m3> 4l.m4> 3l,@s5/ dqg kdv dq hljhq hqhuj| wkdw
lv derxw HM@5 orzhu wkdq Hho gxh wr wkh frxsolqj ri wkh
fhqwudo mxqfwlrq1 Lqfuhdvlqj HM ri wkh fhqwudo mxqfwlrq
uhvxowv wkhuhiruh lq d odujhu qj zlqgrz zkhuh wkh jurxqg
vwdwh lv ri wklv irup/ dqg wkh glvwdqfh ehwzhhq wkh pd{0
lpxpv ehfrphv odujhu dv zhoo1 Rq wkh rwkhu kdqg/ wkhvh
wzr fkdujh vwdwh duh dovr frxsohg wr wkh m3> 3l dqg m4> 4l
vwdwhv e| wkh mxqfwlrqv 4~71 Wklv uhvxowv lq wkh ohyho
uhsxovlrq dw qj @ 6

;
dqg qj @

8

;
/ dv lq Ilj1 4e1 Lqfuhdv0

lqj HM ri wkh mxqfwlrqv 4~7 hqkdqfhv wkh ohyho uhsxovlrq/
zklfk fdxvhv wkh pd{lpxpv lq Hj wr dssurdfk qj @ 4

5

ru wr phujh lqwr rqh pd{lpxp1 Wkh pd{lpxpv lq LF
iroorz wklv sdwwhuq1 Iru rxu duud|/ wkh wzr h�hfwv duh lq
edodqfh iru i @ 3 +Ilj1 6d,1 Lqfuhdvlqj i iurp }hur lq0
gxfhv d shuvlvwhqw fxuuhqw lq wkh duud| wkdw �rzv wkurxjk
wkh rxwhu eudqfkhv ri wkh duud|/ l1 h1 wkurxjk mxqfwlrqv
4~7/ exw qrw wkurxjk wkh fhqwudo mxqfwlrq1 Wkh vzlwfk0
lqj fxuuhqw phdvxuhv wkh duud|*v jurxqg vwdwh dw �qlwh
eldv fxuuhqw1 Wkh frpelqdwlrq ri Leldv dqg wkh shuvlvwhqw
fxuuhqw euhdnv wkh v|pphwu| lq wkh h�hfwlyh Mrvhskvrq
frxsolqj iru wkh wrs dqg wkh erwwrp lvodqg1 Iru wkh erw0
wrp lvodqg/ wkh eldv fxuuhqw lv frpshqvdwhg e| wkh shu0
vlvwhqw fxuuhqw/ zkloh iru wkh wrs lvodqg wkh eldv fxuuhqw
dqg wkh shuvlvwhqw fxuuhqw dgg xs dqg uhgxfh wkh h�hf0
wlyh Mrvhskvrq frxsolqj �HM frv �l ri mxqfwlrq 4 dqg 51
Wkh ryhudoo h�hfw lv wkdw wkh duud| kdv d orzhu LVZ gxh
wr wkh zhdn h�hfwlyh HM lq wkh xsshu eudqfk/ exw wkdw
wkh vwurqj frxsolqj lq wkh orzhu eudqfk fdxvhv wkh wzr
pd{lpxpv wr phujh lqwr d vlqjoh pd{lpxp zlwk lqfuhdv0
lqj i 1 Durxqg i @ 3=6 d yruwh{ hqwhuv wkh duud| +vhh dovr
ehorz,/ dqg dw i @ 3=8 wkh v|pphwu| lv uhvwruhg vlqfh
wkh �x{0lqgxfhg fxuuhqwv qrz ohdg wr dq htxdo uhgxfwlrq

6



ri wkh h�hfwlyh HM iru wkh wzr lvodqgv1 Qxphulfdo fdo0
fxodwlrqv +dv ghvfulehg lq ^</44`, ri LF +Ilj1 6f, dqg wkh
srvlwlrqv qjpd{ ri wkh pd{lpxpv +Ilj1 7d, djuhh yhu|
zhoo zlwk wkh phdvxuhphqwv iru i 2 3=681 Iru i * 3=68/
wkh LVZ gdwd lv ohvv uholdeoh gxh wr uhvlgxdo sdulw| h�hfwv
^9` wkdw vxssuhvv LVZ dw sodfhv zkhuh wkh pd{lpxpv duh
h{shfwhg +orzhu wzr wudfhv lq Ilj1 6d,1

a) b)

0.3 0.5

0.0

0.5

f  

n
g max

0.3 0.4

0.0

0.5

n g

f
min
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Vlploduo|/ wkh fulwlfdo fxuuhqw dv d ixqfwlrq ri i zdv
vwxglhg1 Zh zloo �uvw dqdo|}h wkh fdvh zlwk Leldv @ 31
Iru i @ 3/ wkh duud|*v wrwdo Mrvhskvrq hqhuj| XM lv orz0
hvw iru m�> *4> *5l @ m3> 3> 3l +Ilj1 4f/g,1 Wklv fruuhvsrqgv
wr d skdvh frq�jxudwlrq zlwkrxw yruwlfhv lq wkh duud|/
dqg lw zloo eh ghqrwhg dv m3> 3ly1 Zkhq lqfuhdvlqj i
iurp 3 wr 4/ wkh skdvh frq�jxudwlrq zlwk orzhvw XM lv
iru 3=697 ? i ? 3=969 rqh ri wkh wzr ghjhqhudwh vwdwhv
m�> *4> *5l @

���> � 	 +i � 4

5
,�>
+i � 4

5
,�
�
/ dv lqglfdwhg

e| wkh vrolg olqhv lq Ilj1 4f dqg wkh grxeoh0zhoo srwhqwldo
lq Ilj1 4h +htxlydohqw vroxwlrqv h{lvw iru � @ ��/ wkh fodv0
vlfdo ehkdylru ri � hqirufhv rqh ri wkh wzr fdvhv,1 Wkhvh
vwdwhv zlwk � @ � fruuhvsrqg wr skdvh frq�jxudwlrqv
zlwk d vlqjoh yruwh{ lq wkh duud| ^<`/ l1 h1 zlwk d yruwh{ lq
wkh uljkw ru wkh ohiw orrs1 Lq Ilj1 4f wkhvh wzr vwdwhv duh
ghqrwhg dv m3> 4ly dqg m4> 3ly1 Iru i A 3=969/ wkh duud|
uhwxuqv wr d yruwh{0iuhh skdvh frq�jxudwlrq zlwk � @ 3/
exw qrz zlwk derxw rqh �x{ txdqwxp lqgxfhg lq hdfk
orrs/ dqg wklv vwdwh fdq wkxv eh ghqrwhg dv m4> 4ly1 Dw
srlqwv forvh wr i @ 3=697 dqg i @ 3=969/ wkh edqg Hj

yhuvxv � kdv plqlpxp dpsolwxgh/ dqg � fdq hdvlo| pdnh
pxowlsoh wudqvlwlrqv ri �1 Wklv ohdgv wr plqlpxpv lq LVZ
+Ilj1 6e,1
Lq wkh i zlqgrz durxqg i @ 4

5
/ wkh xqghugdpshg

txdqwxp ehkdylru ri *4 dqg *5 doorzv iru wxqqhoolqj eh0
wzhhq wkh wzr fodvvlfdo vroxwlrqv dw wkh plqlpxpv lq XM
lq Ilj1 4h1 Pruhryhu/ frpsdulvrq zlwk XM lq Ilj1 4g

vkrzv wkdw *4 dqg *5 duh khuh ohvv frq�qhg1 Wkh i zlq0
grz lq zklfk wkh duud|*v jurxqg0vwdwh hqhuj| zlwk � @ �
lv orzhu wkdq wkdw iru � @ 3 lv wkhuhiruh h{shfwhg wr
eh zlghu wkdq wkh fodvvlfdo erxqgdulhv i @ 3=697 dqg
i @ 3=969/ vhh dovr Ilj1 4f +iru �qlwh eldv fxuuhqwv wkh
fodvvlfdo erxqgdulhv pryh wrzdugv i @ 4

5
/ xs wr i @ 3=6<6

dqg i @ 3=93: iru Leldv @ LF,1 Wkh plqlpxpv lq Ilj1 6e
duh fohduo| ixuwkhu dsduw wkdq h{shfwhg fodvvlfdoo|1 Pruh0
ryhu/ wkh srvlwlrqv ri wkh plqlpxpv iplq ghshqg rq qj1
Gxh wr wkh fodvvlfdo ehkdylru ri � +l1 h1 qr frkhuhqw frx0
solqj wr d yruwh{ uhvhuyrlu rxwvlgh wkh duud|, zh fdq lq0
whusuhw wkh srvlwlrqv ri wkh plqlpxpv khuh gluhfwo| dv
wkh srlqw zkhuh wkh duud| pdnhv wkh wudqvlwlrq ehwzhhq
d jurxqg vwdwh zlwkrxw d yruwh{ lq wkh duud| dqg d jurxqg
vwdwh wkdw lv d vxshusrvlwlrq ri wkh m3> 4ly dqg m4> 3ly vwdwh1
D vkliw ri wkh iplq fruuhvsrqgv wr d vkliw ri wkh srvlwlrq
ri wklv wudqvlwlrq1
Wkh vkliw ri iplq lv dqdo|}hg lq d slfwxuh zkhuh wkh

vwdwh ri wkh duud| lv dqdorjrxv wr d sduwlfoh lq d wzr0
glphqvlrqdo shulrglf srwhqwldo ^43`1 Wkh XM lq Ilj1 4g lv
d xqlw fhoo iru � @ 3 dqg Ilj1 4h iru � @ �1 Wkh lq�x0
hqfh ri qj ehfrphv hylghqw lq d wljkw0elqglqj ghvfulswlrq1
Wklv kdv ehhq zrunhg rxw lq Uhi1 ^44` iru d v|vwhp zlwk d
vlplodu Kdplowrqldq1 Iru � @ � wkh whupv wkdw frxsoh rqh
ri wkh fodvvlfdo vroxwlrqv zlwk qhljkerulqj vwdwhv lv ri wkh
irup �w4�

S
m w5h

ln�dm / zkhuh w4 wkh frxsolqj iurp lqwud0
xqlw fhoo frxsolqj/ dqg wkh vxp ryhu whupv w5 iru lqwhu0
xqlw fhoo frxsolqj1 Wkh ohqjwk ri wkh n yhfwru lv htxdo wr
qj/ dqg dm lv wkh srvlwlrq yhfwru wr wkh qhduhvw0qhljkeru
vlwh1 Iru � @ 3/ dv lq Ilj1 4g/ wkhuh lv rqo| lqwhu0xqlw fhoo
frxsolqj1 Wkh frxsolqj whupv wr wkh qhduhvw0qhljkeru
vwdwhv duh �Sm w6h

ln�dm 1 Wkh � @ � jurxqg vwdwh zloo
kdyh d plqlpxp hqhuj| iru qj @ 31 Qrq0lqwhjhu ydoxhv
ri qj fdxvh d skdvh gl�huhqfh ehwzhhq w4 dqg lqwhu0xqlw
fhoo frxsolqj/ dqg ohdg wr d kljkhu hljhq hqhuj|1 Dv d
uhvxow wkh i zlqgrz zkhuh � @ � ehfrphv vpdoohu1 Wklv
h�hfw grplqdwhv wkh vkliw lq iplq vlqfh wkh duud| kdv
w4 A w5 A w61 Iru qj � 6

;
/ zkhuh Frxorpe eorfndgh

h�hfwv duh plqlpdo/ wkh plqlpxpv kdyh pryhg lq wkh
gluhfwlrq zkhuh iplq lv h{shfwhg iru fodvvlfdo ehkdylru1
Dq dqdo|vlv zlwk �qlwh eldv fxuuhqw lv pruh whglrxv/ exw
wkh ryhudoo slfwxuh uhpdlqv ydolg1 Qxphulfdo fdofxodwlrqv
ri LF +Ilj1 6g, dqg wkh srvlwlrqv ri wkh plqlpxpv iplq

+Ilj1 7e, djuhh djdlq yhu| zhoo zlwk wkh revhuydwlrqv1
Iurp wkh revhuyhg srvlwlrqv dqg vkliwv ri iplq zh frq0
foxgh wkdw wkh duud| kdv durxqg i @ 4

5
d jurxqg vwdwh

wkdw lv d vxshusrvlwlrq ri wzr yruwh{ vwdwhv1
Wkh dxwkruv wkdqn S1 Odidujh/ P1 K1 Ghyruhw/

N1 N1 Olnkduhy/ W1 S1 Ruodqgr/ \1 Qdndpxud/ S1 Kdgoh|/

U1 Q1 Vfkrxwhq dqg F1 M1 S1 P1 Kdupdqv iru iuxlwixo glv0

fxvvlrqv/ dqg wkh Gxwfk IRP iru �qdqfldo vxssruw1

d�o �� aL)i3 i| @*�c ��)t� +i�� wi||� .2c 2eDH E�bbe��
d2o �� �@||ihtc `� a� ,*�L?c @?_ a� ,� �LL��c

��)t� +i�� wi||� .Dc .2� E�bbD��

7



d�o v� �@!@4�h@c v�� �� �@t�!�?c @?_ a� 5� At@�c �@|�hi
�bHc .HS E�bbb��

deo a� +� 6h�i_4@? i| @*�c �@|�hi efSc e� E2fff�( �� O� �@?
_ih @̀* i| @*�c 5U�i?Ui 2bfc ..� E2fff��

dDo +� 6@3�L @?_ O� 5� a� �@? _ih ~@?|c |L Mi T�M*�t�i_ �?
��)t� +iT� E2ff��( UL?_�4@|%ff���D2�

dSo �� O� �@? _ih @̀* @?_ a� ,� �LL��c a� 5�TihUL?_� �2c
Hf. E�bbb��

d.o �� O� �@? _ih @̀*c �� k��Tihc @?_ a� ,� �LL��c ��)t�U@ �
2Hfc 2e� E2fff�� A�iti hit�*|t �ihi 4i@t�hi_ L? @hh@)
2 @| @ *@|ih t|@}i� #�h�?} t@4T*i t|Lh@}i |�i ��?U|�L?
hit�t|@?Ui �@_ �?Uhi@ti_ uhL4 2� !l |L 2H !l�

dHo `� a� ,*�L?c a� a� @̀U�|ihtc w� w� 5L�?c @?_ a� ,� �LL��c
��)t� +i�� wi||� .�c 2��� E�bb��( V� �L�U��@|c
��� #� |�it�tc N?��iht�|�i �@h�t Sc �bb.�

dbo �� w@u@h}ic �� �@||ihtc @?_ a� ,� �LL��c ��)t� +i�� � Dec
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